& & Partial Derivatives
Partial Derivatives
et DR and let -f-.'b—iR ke a -fwr\ctlovx. Svcﬂ»se ~“dnatc (1.«3_)6'()-

&

Pslonﬁ C,: Y is fmed (reffard y s a constant.)
Then f(‘&,(a) becomes a :ﬁw\cﬁon Cqu;vdlns on_ X onlg.
%;_- =AE:2 . ‘f‘“ﬁ*g'f“‘a’ é: ﬁ raa«:\ivj (a_ as constant

Pslons G : = is fmeql (reﬁqrd % o8 a constant)
Then f(xﬂa) becomes a ﬁmcb‘cov\ cleFevc\mS on “ owlg.
= lim f(""a*"“a) 'f“"a) é_ i o
%Ja'” 4 _i% rﬁam\vjxascm&mt

%

L
f“"&*‘*‘g"f""‘a’ I_- : _- .- Sald E SloPe = %— = lim f(i"é"'“&) -ff*"a’
B - ¢ =
L1 1
¢ @ %;:—ii"a*'&a) C C® %);v S
m&

tgh)

N
\J




bzf\n‘rhovx 8.1

et DR, TeD and let f-'b—ﬂk.

lf hW\ f('i""’\g':\)-f(i) - hm f(’-u"‘czt-nxi"“/\,xhq

h->o

----- ) = Fo X T X enists
h=o N

then Hre lmik i= Satcl‘tbbe‘e'\e_‘Fafﬁal derivative of f widh rafec:b-bax. and
s dencted bla % (or -fm,a;-f.v.f,ba-f).

Exam\>le &.1
a Y
et f('x.a)-‘x-a-lwaua_. Find é at 2).
[iw\ f(l-t-k.l)-‘?(l»l) - lim [(\+|r\3;+1(\+l'\)())+0.);]-[(\)‘-n-).(l)(?)-\-(:.;s ]
h-o h h->o h
: lim Ol
hso [N
= llW\ e'\'k
h-o
: 6

Houever,?f we treat Y e a constant , then f(x.ta) is a 'Fo(gv\ow\\a.l csj % which is a
d’«ﬁerewﬁable 'jwction. Tl«erefwe we. Aﬁerew&zdte j(x.ta) widh respect 4o
(kee?iw% Y es a constant ) , we |have

_§ ’%(f*)""a“&a) =242+ O = 2wy
é_(l,zhnun.) =6 (sowe as befwa)
BExercise : Find _% ak L) ‘ota (>_ushaa, limit. def\n\-aon.

Gy direct Cowvr\xbzhov\ Ans : _%(1,:.) = 4
B‘QMF(Q 2.2
C ’ o,0)
Let f('x,\ah { E RN rﬁ K\
o "f ﬁi,ta) = (o, 0)
é(o'& ¢ i foth.o) -Ffo.o > 000 - - 0.0+ -Fo.o)
h-e h h>o nh
h o N
l‘"\ Lﬂ . l‘m o +h* e
e h oo h
=0




FP\’UFOSI'E\QV\ 8.1 (Abe.\:mic Rudes )
0 2 =g§+§§

ETTRR T
2) %(\f@:%.g;,f.%
4) .Q_(i), %g_f%
- 3

Resutks frl:w\ Si'H%‘& variable caleulus .

Examrle K3

Let -S(u,ca,z) = xe%sm(z-x,ﬂaz) .

Find all jﬁrs{: ‘Fcn’tial devivetives cf f

-i = e‘&Siv\ (Ax+ aaz) + 1'z.e%c<>s(2-x_+ (az) .

Qf- = xe%sivx (Ax+ «.az) +xze%c<>s(2-x,+ (az) .

-§ = xr.ée%c‘:s(zx+ 132) .

There s a %enem\\zabov\ cﬁ 'Fm’bia.\ dexrwetives .
'Dcfin\'&iovx 82

Let DR, TeD and let f-‘b—»lk.

Given a novzero vector Vek® l-f vl\iw\ fc*""k?’h)'fa) exists

(<A
“the  divectional devivative. cf ‘f Q‘ong T, and tE is dencted b\a Vv-gb‘o

R
y @‘,f(‘i))

where $:-Y s +the wx‘r(-.vectm-cfﬁ,-&ev\-ﬁne. bttt s said o be

VQ-E("JD = SloFe of L

In ?arbicnlav-, ~s -Y(‘i) : %&— .




Eﬁ(aw\r(e. 4
et f(-&,a)- Yy and V=) e® . Then Q=%=J~'§(\ 2.

hW\ f(i"'l'\\l)-f(i) R h -E(x"' 'a"'—) -?(i%)
L\-)O h b\q 'r\
W
e EGTRIXg
~o hh
‘lﬂg —xk+¢%k+%w
=y

v:)'f(i) = x-l-—LtS

Hi%\r\er Parbial Derivatives
Exaw?[e 8.8

et f(‘i.a)- '>E+'l~‘ua=_'+(a‘:". Then,§=3£+:_.a‘ , §%,= l-l-jua_+4-(63 .

é_- ax(Se% bx §—= %(3 A %J/ Are 'HAea alwa‘as -the same
= —( Yo b+ 2" iﬁ: A(3 Y= No., but vt s true when is ‘nice” !
% 33 313 1"'}‘3 Ag éza X L"'Q —f

}.

Exa.w?le. L6
C
e oy [ ] e

o «f . xa) (o,0)

lIW\ Fo+h, f\) -foo | \ _0:0 |iw~ Feo. °+t‘\) ~foo) Q o:0
. %ﬁ;(o,o)=o %%(o,o)=0

BEMATE-@h) R (5 4 o0 2L ‘*‘“& 40 R ) 40,0
%(x,(ah{ (xx_._(az):. ‘f "6 #Co, gﬁ(x ta) { (x-u&) f ‘3 ¢

o Pf (7:.%)=(0.<>) "(f (1.‘3)=(0,o)
I %{o,oﬂ«) - %}o,o) i -1 | ki %QO""’"O)_ %QO'& i 1= 1
l:l-':o h = l:v-:o =" w;\o h = b:v-:o B

. a‘ahto,cﬁ == c a_3’3‘3(::.03 =1

2 2
Si-g— (o.0) # >f (o,0)
YydxX é-xb-a




Let @.b)e®R . Then.

La+h.wd --?(a,;)L . L btk ) - exb)
gy, T Fats. py Sk

Sé—;&(a.\:h ‘I::;\ %'b*:‘:'%gg(ﬂb) i ‘l:v_v’\ o [-f(a+h,b+l=)--?(a.,h—x—k)]-[—f(a-v\n,‘o)--f'(a.,\a)]

h-2o he

é’f @b = lim é(‘\"“‘hb)‘ @) < lim lin [f(a.ﬂﬂ,\:+l:3--?(a.+k,b)]-['f(a,b+k)--F(a.,b)]
tre ) hdo PN

hso ko hk

Main issue : ® and ® are st Hre same ™ 3e:r\erql.

sz(v\\'ﬁon g3

et DK be an open sueet and et f:'b—»(k. Let rzo .

are nuous on D .
) Par'(:iculav—, a C° 'fwnc:biw\ is a continuous -ﬁmcbm ;

Qa Cm fw\c&m is a -fmcbm Such taat 'Far-(:tal derivatives exist -for g order ,
which s alse called a smosth -f\mc(:-on

-f is said o be a C -fwvd:lon rf all Far-ual devivatives cf -f exist wp 4o r—th ordec and

@

S



Theorem 8.1 (Mixed Derivative Thesrem / Clairaut’'s Theorem )

Let DR be an open subset and et f:b-ﬂk.

lf ‘f s aC f\mc:bw\ on D. lLe. al second Far-bial decivatives are conttinuouws on D,
. 3¢ 3%
“then fw- all teijen, we have S " Sge

pro<f o ne2-

Let (@.b)eD

N [$lath, bekd - farh, by -[fa, b+l -fia. by ]

o %ca.bs=&2° b . ( = £ 8 Yo
k———"ﬁﬁ —

Ps??\na MVT +o -Hae —f\«ncb\on -f(x.\o«-k)-f(x.‘o) on [a,a+h] or Ta+th,al
“here exists ¢, e(a.ath) or (ath,a) suda that

- o] - bk - .
[‘f(a-«-h,\:-«-k) -?(o.-\-‘n )] [-F(a -F(a by ) ‘gi_'(ewb“'k) ) §(Cu‘°3

k
. 3 (e bri) - e b
=hge ko h
“ — _

Ppply MVT o the Banction e on [b.brk] or Thrk.b]
“here exsts cie(b.btk) or (brk,b) sudh Hrat -gi(c"b*k:\-ﬁﬁc"k) - BS'EICQ..C,_)
K

< i [
hoo ke Sq it

- ‘\’{m %Cc.,b (As koo, we have c,»b . The e%m\rba held \aa_-b\r\e Cunblm’rba_ c? %& 1-3
. %m,b (As h>»o, we have ¢»a.The e%»a\rba hold l:a_ “the cwxbiwm‘rt«a_ cﬁ _si_é\& 1.\
“Theorem 82 (Generalization uf Mixed Devivative Theorem )

Let DR be an open subeet and et f'-'b—»lk be a C‘--Fm\cﬁovx on D,
“Then -the order GT dﬁemk:xaﬁon does wnot  matler -fw all qu(-:«al derivatives wp 4o s order.




g§ 9 ’Drﬁe—mbabi\‘rba

Def\n‘rﬁon =X

Let DK, let LeD and let DR

Assume that all fiest partial dervatives of § at % edst.

Hows (P Fw . @) x sad o be the gradierk veckor of £ ot T

Breise Q.1

Let DK, let LeD and let f.9:DR.

Assume. that all First partial derivatives cf-fav\d% at & east.
o V(-ftg)(i‘.)=V'§mthﬂ’;) ;

() V(—S-%)Gt) * g V—fcm +-feav%m ;

(2) VIR = 3@ SR + FRTas)

‘tga:n‘ =

Question: [s the condition ~Haat all -first Far-btal decivatives at =, exist, ie. Vf@.) exsts

a %oed %eneral’\za:‘dm cf dﬁa—maqulra& -fw fmce.m -fﬂk“-ek at 2

¢ ldea : 'Dﬁarewﬁabﬂi'% 05 %=f(10 ab %%, & Construct a '(:anaev\t line ot =x=xo.
v la=f(1)
\\ (-xm_?(’o)) \'tamaewt line H

(3 = -f(-x.) “+ ‘f’ G-

t >
RES

jau) is diﬂ’e.rewtiable at x=x, fw s wnot dkﬁmwtial:\e at w=x,

Dﬁarev‘ﬁabili‘ba of (6=-fa> at - & Construct a ‘l:anaent 'F(a.ne. at R
(i,—f(i)) afﬁne L\BPerFlane which is
a9 tangent to the greph yef ot Rex

tavfﬁt)




Recall: Lek DR be an open st |, let x.eD and et f:'b—ﬂk.
lf -f is d‘\ﬁerewﬁable abt x=%. ,“hen :'j- 1S covbinuous ab =,

Question: In %eneml, let DK be an open sukset . leb 2eD and let oK.
l‘jall -flvs-b?orhial devivatives °f fcrt R, exist
doesr(:thhaf"‘scowhwsatx?

Answer : Uv\fm‘buvdﬁe.\\a, no !

Exqvv\Fle 9.

Let f(d..la) = {

o rf o Cie. beth u.ta*o)

( If =0 (ie. =0 ov sa=o)

(o+h.o) - Fo.0) - - . . ¥
hliw\° % . P{|W\°_l . v!imbo o . %%(o,o) 1)
The %m‘f"\ cf z--S(-x,ta)
©.0+W - T(c.0) |- _ . _
hlhm‘> § § . b!iw\u_l . Jiw\°0 =0 .. _%(o,o) )

Al -jws"b -Farhlal derivatives of f at (o,0) exist.

However , Let Y= (£,0) and Y= ¢k, +). Then, Yo) = o) =Co,0) , but
_(_Idl_.mo(-f-t)&) = _él_.wa f(".&ﬂ) =_‘|=l_.m°f('t,a)= _Lm L=
_ll_n(-f-‘@&) =_Ll_v$fd§t)) = mf@&.ﬁ)= 4‘-_1'.'5 o=0

- -t‘:i:\o c-fvm ) f _&:A° c-fw,; ) and Wal;-: ‘D'aju.ta) does not exist.
Hence , f(x,ta) is NoST corrtinuouws  at (o,0).

Exrlanqﬁon= —3%_(0,0) and %(o,o) exist means -Hhat —the f'\vxc:bon is “smocth alem% “the
~ - direction and %-dire.ctlo\n . However, octher directions are also Cpr\sids.ﬁng

fw Cnn(de'.ln% “';{T’hﬁ) (u,la).

Question : Whakt s 4he conrect %@x\ernlizaﬁon cf dﬁermlo\\i'ha 2



'DZﬁV\\'EIOV\ b o)

let DR be an open sueszt | ek x,e D and et f:'b—»lk.

§ s sad 4o e diffecenticble ot xsx. f »'\onuh)ﬁ& exists
(lfi'tex‘\sts.dev\ste_ e bla f’cx.s)

'Rerhmse : There exists LeR such Hhat ',l\iw\ L“"QJ&E:L ie. "[\iw\ '&""""")’%\?W"'Lh) =0 .
>0

-0

Furtherwore , 'f such a LeR exists |, |_=f'(7..3.

w  Idea: Let £ =FPoeth - Foa +Fiaah) .
‘,l\iw\ 'f("*"‘)"(iw*ﬂ"’k) =kw. E-S:) -0 mwglnha means that when W s swall ,
o >0

h) 1 even swaller Com?aﬁna “o .

lvrber?rv:tat’lov\ 1 'f we wite ‘ff%ﬂn)-ﬁ?t.) ~-f’(x.)\b
dnanaq af -f c\'wm%z of =
tt wmeans clf\anee cf f can \:eacrfnwiw\a'bed b.a_ a linear ‘bwsfumahm on ckawae o-f =
and  €ch) = Pateth - oo + Faah) is the error cf the appreximation.
A4 \gt—fm
-f(x.-c-h%fu.) /-bav\aewt at %o ., slope - fw

—— e

L

Xt Tx
lvrber-Frv:tqtion 2 lf we let H=xath Ge h=x-x) and we wwite -f(x) "'f"“’*f""*"""‘*’
linear -fw/\ct\ov\ L0

£t wmeans -feo con be a[sfvnxiwxbed \ua_ a_linear -fw\c(:'lon Ly, called  lineavizection er? f at =,

% g=feo
“*a

/ akt % .

Lo -Sa.\ -\--g"e(.,\ (CEA)
l/ ‘3’




Examrle Q2

What s the waluwe c? Jdot 2

Let 'f‘-l:o.ea3—’k deﬁned B'a 'f(x\wl;.—n‘\en fé”'n&

(Pat %oz (00, Xzl01,So0 h=X-%o= )

-fu,.‘.m --fcx.; ~-S="cx.) h -fw ~Leo = -ftw + -f(x.\ (-%a)

-fuon —f(toos ~f'uoo)- { -)?(uon ~ L Go) ='f((oo\ +'f'(loo\-(lol-lco)
h]lOl-(DN'i‘—o'l =(o+5_'—°-l
IJ\OI ~ (.08 = [([0.08

-szw\‘ftiovx 2.2 (Resterted)

Llet DR be an open suszt |, lekt x.eD and et f-'b—»lk.

-f 18 sad to be d‘\ffermbable at x=%. l-f

“here exists L eR such that "[\im ‘fﬂ-%)-%f(xo)-rl.'n) -o .
-0

Rurthermore , '\f such a LeR exists |, L=f’(’1a).

Q?B/\-&aabm,marerea&%-to je.v\eral'\ze-

b\fﬁerewﬁab’uh'ba ef Real Valued TFunctions

bzf\n\ﬁovx 9.3
Let DR be an open subset |, lek %eD and |t f:’b—»lk.

-j'(ssqid-to \ozchﬁmﬂtiq\o\?_ ac-r,nf there exists T eR such that

fetth - P+ TR)
Tl\i:-e W ©

Rurtheymore , -f 1s said to be a dlﬁermha\o\e. fw\cb\ev\ rf  is dl-ggera«(:'m\:\e, at eveny =D .

Remark : Note “nat  [im 'f@a%-%emﬂt'“k o e lim l'f@-%-%em*rt-who
T3 N T3 LN

_n\erszvz, Some —textbocks use the latker ore W the elefw\rb\w\ cf d‘rﬁe.reﬁbiabilrba_

w ldea: No\.a,cl'\an%e. cf =< i nst be a veal nuwber but a vector MeR.

_n'\eregere, dnanae cg -f = f(i".-‘-ﬂ)-f@b eR should be aPFrcximdted ba a_linear
'hunsfoma'(:ton on chav%e cf X =B, which s "fbv'm cf TR




Think: But , what s T.?

‘f there exists ‘E-(l_“l__;,...'L“) eR suds “dagt %‘Maf&%-fg?\'wtﬁ) 0.

i - .d ﬂg ag " lhl ¢ .
ln Fav-bcular consider he; = (o o.h.o ,0)

fim TS - gizmt-ﬁ) -5 e

lim Fth@&) -$& -Lih
h=o lh\

fim FRANED -FE - Liky
h->o W

=0

> =0 (\:\Ma? Hirt : Consider hoo' and oo se?am:be.l-a.)
p!i::\u 'F(i-\-‘f\?) -'?(ﬁ) = Li
Li= %ﬁ:‘)'
SRR 2 {C )
Theorem QA.t

Let DR be an open subset , lek %eD and lat f-.b-atk.
l-g -f is dﬁexev&iab\e at %, ., +then all -T‘rs‘c Farﬁa\ derivatives °'§ -f ot T, exst.

Aleo, V‘f@:(%(ﬁ.%(ﬂ.--’,%(ﬂ)ew whida is called %radaeﬂb vector , I1s -Hae uvﬂ%we_

vector such that ."l\i"" -f@-%-@u;.gwfw-m co .
-3 (L]

Remark :

0 -f is dﬁe&ﬂb‘ab\e at X, then all -?vst For'hq\ derivatives c'g f ot T, ewst.
2) eqlvev\ Q fmch\on f. ‘o 'Pru\le e is dlﬁermbab\e. at %,

hows do e find TR such st %im f@-%-‘(f?‘-wtﬂ), o 2

The above ~Hreorem says Vf(f.\ s -the on(na 'Fussib\e candidete cf T.

Definttion 9.3 (Restorbed)

Let DK be an open subset ., lek %eD and let f:DoR.

Suppese “that_all st partial derivatives o f ot % esst.

Let edh - et -G+ TR, where W« (Fo. Fw . Fanew.
£ 15 sad to be diferestiddle at %, 1§

fim fD -F+ DT o, Do




o ldea: Let sdh - $otid -G e R).

-éim* f&%-(‘fﬁ‘;(?ﬁ@yu) g'ﬂlim‘ El_g;) -0 mgkla means when hh tends to 8,
> -3

i&)sf&%~@f@+V§@)'R) s _even swoaller cmnraﬁna “o ML
lﬂ'tev?re'ta't!ov\ I:Ffue.wﬁ":e mr\rv‘?@dﬁ
c}\av\az ef -f c:\mmae o‘fi

it wmeans ckavge cf -f con bea:rrmimted laa_ a_linear 'br-avwsfov-marbon on cl\an%e of =
and z@ef&%-(—}a‘uvfaam is the oror cf e approximertion.

lv\'ber?ﬂztatlm 2 : (‘f we let X:Toth Ge M) ovd we ke 'f(i)'\-‘f@.)*-v-fﬁ:\-(t-ﬂ)

linear fwnctlor\ L&y
rt weans f@) can be atrrremmarted bca_ a linear -fw\cb\or\ L& , called linearizeation s? f at 2,

n=2 case: -f('z,;v‘\) -'f(@
= ﬁ@) h + 'gﬁ‘eﬁi)\f\z
f 2 AT
$eis i -tmgen-e. Plane cf f at &

i e L) « fa:o + e - @R

Tz(ak) s -f(q.b)-\- %(«,Q - (x-a) -r%%(a,b) . (né-l:)
Exmmrle 9.3
Let ‘f(?hta) = es'm(x-t-lla) . How to 'fmd 'f(0.0S,O-I) 2

At least ., we con approximate e ba_ “the —fbu.mmé: Let Rsc0,00, (005,000,
-then -fco.os,o.m-fcz) s L - feo +vf<9.)-<i-z,> s l+C1,2). (005, 01) = 125
Remark :

D How %ood 1S -the obove approximation? (Later 1)

2 In 3e.ne.ml ,we &Pec:t the linearization L&) cf -f at 2, is a '.aoael” aPmetma-(:ion ‘near” 2.




EXAmFle Q.4

S’(:e? 1 : Find i(m.) and -%(1,1).
-ﬁ(l,l} =2 %(l,l} =1

. V8GL2) =(-§:<l,1) , %u,n) = Ca,1)
S‘(‘.Q.P 2 : Check +the dﬁwﬂ'ﬁm

fim ST - (Fe + ) )

-3 thi
- m  fCthoaehy - [+ Gh )]
i hd-0.0) ¥ P
= hm (""L\.)(’. +t\2) - (2"‘»\#.'"\3)
thohd>0.0) o
= liw\ A_
hohd»00) i
Nﬁ'& . - (klk:.‘ < L\.b\; < ‘kll\&‘
Ak +wy AR+ J P

lim Ihhat

= m —L_—=-0
dhohdso0) TR+ i hd»0.0) "-"\; +f‘=
1Y 1
%\a sarduich ~thesrem , liwn hha o

hhd»o0) R
f s dtﬁerewhta\ole. at 1,2).

2z 'f(l 2+ V—f((.:.) . [(1.13) - (L]

=2 4 2x-)+ (té—))

).1-«-16_-2 =2

| et f(i,a)- xy . Show that f 1= diﬁere.v\'bia)ole, at Ci,a).

Furthermore , ftwﬂ “he. -bnw:aew(-. plane ef -S’- at (L2 .

where Z=(1.2) , =G, )

So liw\ -L""“—=O

thhd~e.o) TR+

ou mana also use polar coordinates +o

deduce the limt to be o.)

Furthermore , -the -tnn%evdc plane cf -j— at (L) S

= 'f(l 2+ 'gﬁ-_;((,z\ == + %%(( 20 - Qa—:.)

Rewmark : (i((,:) ,‘%((.1} =) %;ves a normal c? ~the 'tav-%_ewh ’P(ame.



Bxerise 4.3

Let DR be an open suezt |, ekt %eD and et f-’b—ﬂk be a d‘rﬁumtia\o(e 'Yuv\cblen .
Show  Haat (%&(&‘.),éﬁ(sm,---,g&’(\%,-!‘)eﬁm %}v& a_ normal Gf “he "‘:av?w'c ’Plave

oﬁfa‘:i.

=)
ln particuar. when nz1, 1o ‘Q“‘f

"Echﬁewb (iV\Q, :

Y= -S(xa-\--g&g [CEA
SloFe = -j"u.)

(—f'(i.),—l) %i\/es a. normal of the 'tcmjen‘t line.

%x

Exam?(e q.s

et f('x.ta) = {

o If wa{o Cie. beth x.«aqéb)

{ if Wy d o (ie. x=0 oy ‘a=°)

Bom e.xa.MF\e 9.1, we have §(°'°)' (©.0)=0

ém fettd '@%’l\‘vf@'m where. F=(o.0) , B=Ch, )
- lm  Toth.othy - [fw.or+ ch+old]
th,h)-(0.0) PO
= ‘iw\ id’h ) -t

[CHIRECYO B IR

Exercise. Bua ch\sielev'wa_ the cnnve (hk). ht)) = (£4) |, show the dbove limtt does ot exist .

3 f s NSt d!ﬁml:iab\e. at (o.0).



-f is d\ﬁermhhble. at X = é—iﬁ.\ exists -fw i20,2, -0

Ho\aever,Mvnr\e A.5 shows that. e converse is not e . Fbv-hma&ha_ we. _have :
Theorem 9.2

Let DR be an open sueszt and et f:'D—'R.

lf-f isaC'fwxctim m'b,'ﬂ/\e.n-fisdtﬁevtwbaue on D.
Remark: let 2.eD. Svce D s open , X is an wtterior ‘Fc'uﬂt 6§ D . This treorem ?a.ns

'r? all ‘Parbial devivatives “bel'\ave well” arownd T then éﬁmwﬁa‘o\\rbg o‘? f at R,
can be quararteed .
3

‘Fﬂ:ﬂf (-for =)
let (a.b)eD. ’s.a Mb\m, %m.u and %%(a,b} exists .

Faath, b+ -Fa by - %E(a,b) - %%(a,b)-k;
<

O =

[f@a+h, b)- $a.b) -%@,u.h, 1+ [$ath, bahy) - farh, b) - %%(a,b} ‘h.]
Idem

there exist ¢ ela.a+h) or (@+h,,@) sudn that fa+h, b)-fa.b) = l'\.%i;(c..b)

there exist c,e(b.bth,) or (bih, b) sudn that f(a-\-k.,b-\-lr\;)--f(a-\-k.,\o)x k,%%(a-\-h.,c,)

_ ' (-si;(c.,b%%g_(a.b\)'h.«- (%%(mh.,c,)- %%(a.b))-k,_ ’
) IS

[

- |
s |§(c.,b)-%§_(a.b}| T |-§%(a+h..cz>-%%(a.bsl J% (. briangle. meguality)

s |§(c.,b>-§ca,b>| + |§§(a+h.,c9 - %%(a.b)(

As cth.W=.o), we hawe c»a and cisb. B‘G “the cmﬁv\u\-ba cf ﬁ: and §a- at (a.b).

- e |- Framls |%‘%,(Q*"‘“c‘) ) %%@bs(

E\& Sandhidh -Hheorem ina

$a+h,. bah,) - $a.b) - %g(a,b) hy - ﬁ&ca,m h,
., ) —=(e, o)

S 8

= O

te implies lina Fadh . brh) - $a@b) - %g(a.b) - %%(a,b) ha
T o
(h.,‘/h)-b(o,b) m

- f is d‘nﬁarm\:'\ab\e. at @.b).




EXGW\F{Q 9.6

2 ) S { .
Lot ‘)2('*‘~3>= {(X+ta)3\vx(w) !f u,\aijo,c)

S lf (7:.&3)=(0.o)
Sandwich “theorem
2 2 (e
ll\i-';‘o f(o-&k,::) -fo0) | l!\i-':o(h +3) sm(,tsr'ih =) -0 _ "&:\o sin (ﬁ) £ ) %E(Q'& .o
gﬁ(x ta) {11(1*‘9)3‘“(«'_13 )-x QOS(J—% ) .‘f bt,ta)#(o,o)
© (f (1(.‘3)=(0,o)

Sandusich ‘Elr\eorawx
gf—(x la) = D EF—(o o)

(:ua)-»(oo) 3%
%f_; s covibinuous at (o,0)
Furthermore , whewn (=, \a)f(o,o) , i(x 9 = = (e tg)s'v\("_‘a )-x.lx‘*‘a" QOS(JX‘(T%‘) which is  continuous .

‘me.ﬂ%re %f—; is continumous eve.ngwkere..
Siw&‘avr{ia . we can Show Haat %F— is cortinuous evenadz\ere :
3

B'Q “heorem A2, f s diﬁermﬁa\ole ever\amec'e.

Exercise 9.4

Show  “drat f s di-ﬁexeﬂﬁab\e akt (0.0) ‘ona v\stv\% defin'rﬁ‘\ovx 2.3 and theorem 9.1

As szecbad,ue_ have :
“Theorem 9.3

Let DK be an open sulbset , lek %eD and let f-.b-»ua.

lf f is dlfgwewhab\e_ at X,  then f 1S covbvumous at .
Pf'bﬁs
£ s dﬁe:mﬁab\e at %= here exists L eR such that _|im f - Fed+TR) | o

T3 Wl
_R(iw\_‘ ftaTD -('fa‘.) +t‘R) T{iw\ ft - ‘(15:(‘:::)-‘-\_12) W=

Tl\ir_s'fd.% = _éi:\_efu‘.wt-'ﬂ af(ﬂ ie. -f 1S cowbinuwous at



S&M’VO\’\&!
let DR be an open sleset |, lek e D and let f:’b—»lk.

< Trwe onha when é‘-‘ are contivuous _on D fu«- al i (Theorem 9.2)

0 -S-’ is dﬁambaue at X = é—lm exists —j‘w afl i ("Theorem .0

Exercise x 1 dx See examP\e q.

2) -f s dﬁwﬁab\e at 2, = f IS conbinuous at 2 (Theorem 9.3)

Proposttion .1

Let DK be an open subset , %eD and Ik §, 4 DR Such that § and g are
dxﬁera«baue at R . Then,

a8 ‘ft% is diﬁe_re«haue at L,

=) -f% is dﬁera«ba‘o\e at T, .,

3 % is di-??ara\'ba‘o\e at 2 l'? 3('?.)#0.
Frw? ofm;

From exercse 9.1, V(f%)(ﬁt)x %@N-fmn-fwv%em.

[iwn (£ )R+ - (§-9q )+ VF- 2 R)
T3 wl

. lim 5 (‘2,-«-'\7\)%(%-«-70 -(f‘!’.‘l%ﬂ'.\ +[a(‘i) V—fct) + -fw Vg\@] )
T3 ml

SR RIaE R - [ gt eR) + gL o e T+ fota g - [ fetagers +fotd oo R - ged wfers R+ gevien 7

Th>3 ml

- : + 2t -GN+ NVgED W) - :
\ — - covtt, \
~— / consk. of q d&f e‘f% A % 4
Vg A 4 at % at % o T o
°© a % N

\=}




Total 'D?ﬁerev\'ﬁia\
Furthermore , -S"(?)rw -f(;b-evf@s-(-x-z)
- ~ (-2 = 2K . h R S
Foo-fo ~ Hew -t = B ax o+ FRD s here e L STORER
C‘.\ﬂanse. of 5 change cf =z .
Af ~ ‘% -é_@) A

Classically , we write df -8 3 du which % sad 4o be the total dfferwtial of £ at 2.

df.dx. can be r-e%a.mled as varicbles , and rf dx; = ax; |, “then A-fzdf.

ln more advanced level, df and i are -treated as linear maps -frow\ RoR.
called di’ﬁerewtia.( -F-anrns.

'l‘ne% are ‘Far'ticv\larlxa useﬁd indiscussion uj’ muttiple wwkegrals .

Bexise 4.5
Let DR be an open sueset |, let 'f.gt’b—ﬂk be d‘rﬁerevfﬁable —funct:\ov\s ad let ce®R.
Show  ~drat

W de) = o
) d(—f-t-%h d-?-t-d%

) d(-fa)= 8d—§+fd% ., Se mn 'Pat—l:imlav- d(c—f)ecd-f
(&) d(-'%h 3 -fd%

Y

3

Exaw\rle 9.3

The velwne of a cone N 15 relrted 4o Hhe adis ¢ and heigt h by the eguation N« fmch.
Then we have d\l=d(é‘mr’h)

: —é—'tr.().r\r\dr-t- dh)

Suﬂwse Hat T is a metalic cone with vadins =5 and heigt helo.

l‘f € is heated so -that -the vadins and he%kt are increased b\a o and o4 "eﬁ’@"’"‘&'
ie. de=ar:=02 and dh=ah:=o.4, Hren

AV ~d\ = —.g-'lr. Qrhde + Fdh)

= (OTL




D i B‘ul‘f(';a cf Vector Valued TFRunchtions
.sz\n\‘tiov\ q.4
Let DR be an open sloset, ek ZeD and let fm—»ui“.

f is sald to be chﬁexewha\o\z at X lf there exists PeM, (R) Sucdh ~daat

[ FRAT - Bty + BV _ o
>3 A

Furtherwore f s sad to be a chﬁemvﬁtia\o\e. f\m\ctlcn rf Tt s dx-ﬁzrmhaue at every =€D .

w Idea: Now, Cl'\av%e. c? < oy nst be a veal number but a vector ReR .

_W\erefbre, clf\qv\ae °§ —f = fﬁ&ﬂ’\)-f{ibekm should be aFPruximted l:xa a_linear

-\:v-av\s-foma(:lov\ on chan%e °§ % R . which s fwm cf PheR

Think: But , what 1s P2

lﬁ we w\’\'_‘fe. -g&ﬁ-f(v...n,---,nh(f.(x.,x.,---,x,\). ,(x.,x.,---,x.\),~--,f.,.(1.,x.,---,x.\)) ,
and ’P=F'

=

P

eM, R, where cadh P s a vow vector in B e have :

fasd idble at 2

<= There adsts PeM, (\(R) such Hrat _ém l-f@vm—l(-g;:HPm\ -5
-3

yow vector n R

f2D) - G+ W)
. $et - Fe+FR)

Le. |; =0

»l‘\i“s Al

é-ﬂlﬁre del's ﬁl""lsm e‘R" SV\CL\ —M -Rhm f"@*.ﬁ)-((jg"‘(i)*ﬁ:“) = O 'fbr '(:I,l.---.vv\

(ln his cose '—s'. =V—§;G?.\.\)

= fi = dw at F, for i:t2...m

vﬁ&) é@ %«m
"P N . .

: € M, xR
B - Fn

et



_n\eorem q.4
Let DR be an open subset, let ZeD and et f:b-»tk"‘.
is di ereﬂaaUe.a(:'i‘. and _on eQCJ/\ H is d idkle .
§ 5
vf.&) %&w %E.‘*’

A\So, ‘Dg@ = : =

: € Maal®)  ohichh is called —tstal derivative ,
oo | e - Fw

s He wnigue. matrix such that  [im l'f@+7\)’('f%)l+bfw-ﬁ)l ‘o

-3

Rewark : D?&‘.) s also called TJacoki mabric and densted ba Ifa‘.) or H(‘ﬁ3 .

bszem Q4 (Restoted)

let DR be an open sueeet , lekt %eD and et f:’b—»lkm.

Lo - Ko
Suppose that Dfe) - gf._, ﬁ‘ € M B exists .

Let i(Rnf&-«-ﬁ)-(-fG‘d-@ DR

fls sad to be dlﬁerzwhab\e. at % }f

liw, HESeoTD - B + D WL _
T3

Sl RS

12l . o .
1]




g ldea: Let zﬁ;=§&+ﬁ-(—f&b+’bﬁ@.\ﬁ)

iW\ l'?&-l—\:) ('?W;D'?G) R)l litnn |E(V\)l = O \"owgl-\ha means when -R tends to 8
h ml ! 'R-bo 1 l

li‘R)lﬂf@-«-ﬁ)-(‘f(ﬁ‘d-«- D) s even swoallec cnmra«-ina 4o ML

lvvber?\‘t‘:ﬁltlon | ('f we wite 'ﬁi—tﬁ)-ﬁ) ~D‘§H»} R

dr\av\ge ef f ckan%e df 4

tt weans dqav\ae ef -Y con be arrmximarted L)qa_ a lnear -b-nnsfcnmbon on c’r\an%e. of R,
and i&)sf&%-(‘f&'&*-b‘f@)»“) s the evrvror c? ‘e awmsdw\dﬁm.

lvrter?ﬂz(:atlov\ Q- lf we let TZeth Ge MR- and we ke 'f(i)'»f(?.)-&'b-fﬁ‘.)-(i-?.)

linear -fwr\c‘t\on Ly
t wmeans fﬁb con be czﬂ:nwima'bed && a linear -f\mcﬂor\ Ly , called lineavizetion u? f at 2,

Exam‘:le_ .8

Let f:RB—ﬂRZ defined by oy =(Gx-yedcosz., e_xsrn()-g-«-z))
Cleonr-(ua_ , -f(6)=(l,o) . but lhow about -fet) ‘for trose X ‘near B

bf 3f Bﬁx., R =|: dess 2z -CoS ‘3 —O.x—aa-«-()stv\z] € Mo and - So
exsrn(ma+z) ).excos(ma-x-z) e.xCDS(D.ta-(-Z)

bfc&)g[l -t °]eMm(tk)

o 2 |

Let T =(o.t, 0.1 . 0.1),

foogr o -2 =] L7

"I'l'\erefofe f('i‘.) -f(‘&) ~ (0.1 ,0.3)

f(o.l Lo Lo) A f@)-\-(o.l o) =01 ,03)




